We study deformations of Klebanov-Strassler parametrized by the size of a dim-6 VEV. In the UV, these solutions describe the usual duality cascade of Klebanov-Strassler, however below the scale ρ * set by the dim-6 VEV they exhibit hyperscaling violation over a range of the radial coordinate. Focusing on the spectrum of scalar glueballs, we find a parametrically light state, the mass of which is suppressed by ρ * , becoming massless in the limit of ρ * → ∞. Along the way, we clarify the choice of IR and UV boundary conditions for the fluctuations in the bulk, and find agreement with previous calculations for the spectrum of Klebanov-Strassler.
I. INTRODUCTION
Gauge-gravity duality allows for the analytical study of strongly coupled quantum field theories. Since its original inception [1] which relates N = 4 SYM to Type IIB string theory on AdS 5 × S 5 , it has been extended to numerous examples, including cases where conformal symmetry is broken and the field theory confines [2] [3] [4] . It is interesting to consider field theories with one or more characteristic scales in addition to that of confinement, thus allowing for more complex dynamics.
One possible application of such multi-scale dynamics is within the context of Technicolor [5, 6] , the idea that electroweak symmetry is broken by the dynamics of a strongly coupled field theory. In particular, Walking Technicolor models [7, 8] posit the existence of an energy regime, above the confinement scale, in which the theory is nearly conformal as well as strongly coupled. An attractive feature of such models is that they could potentially contain a light scalar in the spectrum due to the spontaneous breaking of approximate scale invariance [8, 9] , and that this so-called techni-dilaton would couple to the Standard Model in a similar way as the Higgs [10] [11] [12] [13] . Given that a boson with mass 126 GeV has been observed at the LHC [14, 15] , it is of great interest to find specific examples of strongly coupled field theories with walking dynamics, and to study whether a composite light dilaton exists in their spectra. This has been the subject of a number of studies within the context of holographic models from string theory [16] [17] [18] [19] [20] [21] , as well as studies on the lattice [22] . While an elementary Higgs certainly is consistent with current experimental data, it is still a possibility that the newly observed particle is a techni-dilaton [23] .
A string dual of a theory with walking dynamics was found in [16] by considering a system of wrapped D5-branes, in the sense that a suitably defined 4d gauge coupling [24] stays nearly constant in an intermediate energy region. The length of this walking region is related to the size of a dim-6 VEV. Below the scale given by the VEV, the metric is hyperscaling violating with exponent θ = 4. In the case where the UV is given by the asymptotics of Maldacena-Nunez (MN) [4] , the spectrum of scalar glueballs can be computed and contains a light state [17, 18] , the mass of which is suppressed by the length of the walking region, thus suggesting that it is a dilaton.
There exists a class of solutions that interpolates between Klebanov-Strassler (KS) and MN [25] . The relevant parameter is the size of a dim-2 VEV, which is equal to zero for KS, and which for non-zero values takes the theory out on the baryonic branch of KS. Since we know that MN can be deformed by the dim-6 VEV linked to walking dynamics, it is natural to ask whether this also is possible on the baryonic branch of KS. Such solutions were found in [19] by applying a solution-generating technique [26] to the previously mentioned walking solutions of the D5 system of [16] . Building on the work of [26, 27] , one can understand the field theory of the new solutions that are generated as follows. In the UV, the duality cascade of KS continues down to a certain scale at which the theory is Higgsed to a single gauge group. Below this scale, the dynamics become the same as that of the original wrapped-D5 solutions from which the new solutions were generated.
In this paper, we consider the case where the dim-2 VEV is turned off, while the dim-6 VEV is turned on. This means that the UV is that of KS deformed by the dim-6 VEV, while below the scale set by this VEV the metric becomes hyperscaling violating, again with the exponent θ = 4. This solution was originally given in [19] , and similar deformations have been considered previously in [28] . It has the advantage of being simpler than the more general walking solutions on the baryonic branch of KS, while at the same time having a UV that is better behaved than that of the deformations of MN.
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In order to compute the spectrum of scalar glueballs, we make use of the gauge invariant formalism developed in [29] and generalized in [30] . Given a consistent truncation to a non-linear sigma model of scalars coupled to five-dimensional gravity, this formalism allows one to systematically study the fluctuations of the metric as well as the scalars in a given background. Suitable boundary conditions [31] are applied at IR and UV cutoffs which are eventually dispensed with by taking the appropriate limits. We find that in addition to a series of towers of states, the spectrum contains a light scalar, the mass of which is suppressed by the size of the dim-6 VEV. This is the main result of this paper.
All the backgrounds mentioned that have the dim-6 VEV turned on suffer from a singularity in the IR. This singularity is of a mild type, in the sense that while (the ten-dimensional) R 2 µνρσ blows up, R 2 µν and R stay finite. Furthermore, in the cases that the Wilson loop has been studied, it is well-behaved [19, 32] . Still, the singular behavior is cause for some concern, in particular with regard to the form of the boundary conditions imposed on the fluctuations in the IR. We show that with our prescription the spectrum converges as the IR cutoff is taken closer and closer to the singularity.
The structure of this paper is as follows. In Section II, we review the gauge invariant formalism for the holographic computation of glueball spectra. In Section III, we review the Papadopoulos-Tseytlin ansatz and the relevant 5d truncation. In section IV, we present the backgrounds that are the topic of this paper, and find that for large dim-6 VEV there exists a good analytical approximation. Section V contains the numerical study of the scalar glueball spectrum, first of KS as a consistency check, and later of the deformations thereof by the dim-6 VEV. In the final Section VI, we conclude with a discussion of the implications of our results as well as suggestions for future directions of research.
II. FORMALISM
In this section, we review and summarize the gauge invariant formalism for studying linearized fluctuations in non-linear sigma models consisting of a number of scalars coupled to gravity (for further details see [29, 31] ). We focus on the scalar sector of the fluctuations, and write down a particularly simple version Eq. (14) of their boundary conditions in the IR and UV.
A. Action and backgrounds
We start with a d + 1-dimensional non-linear sigma model consisting of n scalars Φ a (a = 1, · · · , n) coupled to gravity, whose action is given by
In the bulk part of the action, g MN is the d + 1-dimensional metric, G ab (Φ) is the non-linear sigma model metric, and V (Φ) is the potential for the scalars. The parts of the action localized at the boundaries r i (i = 1, 2) contain the induced metricg µν , the extrinsic curvature K that appears in the Gibbons-Hawking terms, and boundary potentials λ i (Φ) for the scalar fields that end up determining the boundary conditions for the background and fluctuations around it. We are interested in backgrounds that only depend on the radial coordinate r, and for which the metric has the form of a domain wall
These satisfy the equations of motionΦ
where
, and prime denotes differentiation with respect to r. The second equation is the Hamiltonian constraint.
In certain cases, there exists a superpotential W such that
and solutions can then be found by solving the first order equations
B. Equations of motion for fluctuations
Next, we study fluctuations {ϕ a , ν, ν µ , h
T T µ ν , h, H, ǫ µ } around the background:
where h T T µ ν is transverse and traceless, ǫ µ is transverse, = η µν ∂ µ ∂ ν , and d-dimensional indices µ, ν are raised and lowered by the boundary metric η. Expanding the equations of motion to linear order, and introducing gauge invariant variables
,
the spin-1 (d µ ) and spin-2 (e µ ν ) sectors decouple, and furthermore b and c can be solved for algebraically in terms of a a , so that the equations of motion for the scalar sector reduce to n coupled second order differential equations for a a given by
Here,
bc is the Riemann tensor corresponding to the sigma model metric, while the background covariant derivative is defined as D r a a = ∂ r a a + G a bcΦ ′b a c . Explicitly expanding out the background covariant derivatives D r occurring in Eq. (8), we obtain
which is sometimes more convenient to use.
C. Boundary conditions for fluctuations
Boundary conditions for the fields are obtained by varying the action Eq. (1) with respect to the metric and the scalar fields, and focusing on the boundary contributions. Expanding the boundary potentials λ i (Φ) as
where the first and second terms are chosen for consistency at the level of the background itself, one obtains the boundary conditions for the fluctuations:
The limit of λ i a |b → ±∞ (with the sign depending on i = 1, 2), corresponds to Dirichlet boundary conditions for the scalar fluctuations ϕ
This is the choice that we will make in the following. In terms of the gauge invariant variables a a , it translates to
We can simplify Eq. (13) further by noticing that the matrix multiplying a a is of the form
1+X c Yc , and hence
where we have also used that
III. PAPADOPOULOS-TSEYTLIN ANSATZ AND 5D TRUNCATION
The Type IIB supergravity backgrounds that we will study fall into the Papadopoulos-Tseytlin ansatz [33] (which in turn is a truncation of [34] ). Furthermore, they can be discussed in terms of a 5-dimensional sigma model that is a consistent truncation of the original 10-dimensional system, thus lending themselves well to the formalism discussed in the previous section.
A. Papadopoulos-Tseytlin ansatz
The Papadopoulos-Tseytlin ansatz is given by 
and with constraints
In addition, there is also the dilaton field φ. The background fields {g, x, p, φ, a, b, h 1 , h 2 } as well as the warp factor A are presumed to depend only on the radial coordinate r. M and N are constants associated with the number of D3-and D5-branes, respectively.
B. 5d truncation
There exists a consistent truncation to a 5d sigma model consisting of the scalars Φ = {g, x, p, φ, a, b, h 1 , h 2 } appearing in the Papadopoulos-Tseytlin ansatz (now promoted to 5d fields) coupled to gravity, and described by the action [29] 
with kinetic terms
and potential
Any solution to the equations of motion following from this 5d model can be uplifted to a 10d solution in Type IIB supergravity.
Finally, note that (as long as N = 0) the change of variables
removes all dependence on M and N from the 5d model.
IV. BACKGROUNDS
In this section, we describe the Type IIB supergravity backgrounds that we will study. They are deformations of Klebanov-Strassler corresponding to a dim-6 VEV.
A. Klebanov-Strassler and deformations
The backgrounds that we are interested in can be found by further truncating the system as a = tanh(y), g = − log(cosh(y)), (32) in which case there exists a superpotential
It is practical to change the radial coordinate from r to ρ defined by
after which we can write down solutions to the equations of motion Eq. (5) given by y = 2 arctanh(e −2ρ ),
whereφ 0 , f 0 , and A 0 are integration constants, and x satisfies the differential equation
We fix the boundary conditions in the UV so that x matches the solution due to Klebanov-Tseytlin [35] x KT =φ
Essentially, this corresponds to fixing an integration constant so that the divergence of x in the UV is softened. We can write solutions to Eq. (36) satisfying this boundary condition as
From the UV expansion (see also Appendix A)
we see that there is a characteristic scale ρ * ≡ 1 4 log f 0 above which the UV expansion is valid, and below which the solution changes radically.
All these solutions have their end of space in the IR at ρ = 0. The background of Klebanov-Strassler corresponds to putting f 0 = 0, in which case the IR geometry is that of the deformed conifold. Non-zero values of f 0 correspond to turning on a dim-6 VEV, in which case there is a curvature singularity in the IR (R 2 µνρσ diverges, while R 2 µν and R stay finite).
B. Approximate solutions
For ρ ≪ ρ * , we can approximate I appearing in Eq. (38) as
where I 0 is an integration constant to be determined in a moment. On the other hand, for ρ ≫ 1 we can make the approximation (2) approx , respectively. which gives
For ρ * ≫ 1, these two approximations overlap in the region 1 ≪ ρ ≪ ρ * . Matching gives
Using this, let us examine how good the approximation I (2) approx is in the region 0 ≤ ρ ∼ 1. Expanding for large ρ * , we obtain
Since I
( 1) approx is of order O(ρ
approx as given by Eq. (42) is actually a good approximation all the way to ρ = 0 (as long as ρ * is moderately large), and hence for all values of ρ. We illustrate the accuracy of the two approximations I (1) approx and I (2) approx in Figure 1 .
C. Hyperscaling violating region
A background whose metric transforms as
under scale transformations is said to be hyperscaling violating with hyperscaling violation exponent θ.
Consider the region ρ ≪ ρ * . The metric can be approximated as 
which under the scale transformation
transforms as ds . Hence, in this region the metric is hyperscaling violating with θ = 4, which is the same as found for the backgrounds of [16] [17] [18] . Notice the fact that the rescaling of the metric can be compensated by simultaneously transformingφ 0 asφ
V. SPECTRA
In this section, we numerically compute the spectrum of scalar glueballs first for Klebanov-Strassler as a warm-up exercise, and then for the deformations thereof. In principle, the spectrum depends on the three integration constants φ 0 , f 0 , and A 0 . However, A 0 simply sets an overall scale, and since we are only interested ratios of masses, it drops out. Furthermore, the spectrum does not depend onφ 0 . The way to see this is that in the 5d sigma model, combinations of A, x, p,φ,h 1 , andh 2 always appear in such a way thatφ 0 can be eliminated from Eq. (8) and Eq. (14) after rescaling the fluctuations corresponding toh 1 andh 2 by a factor eφ 0 .
2 Therefore, the only interesting variable on which the spectrum depends is f 0 = e 4ρ * .
A. Warm-up: Klebanov-Strassler The glueball spectrum of Klebanov-Strassler was computed in [36] . There, the boundary conditions on the fluctuations were obtained by studying the IR and UV behavior of the fluctuations, picking normalizable solutions in the UV and imposing regularity in the IR. Because of mixing between the fluctuations, this is a complicated problem. On the other hand, the boundary conditions Eq. (14) can easily be imposed without any detailed knowledge of the asymptotic behavior of the fluctuations. For a particularly simple example consisting of a single scalar with quadratic superpotential W , it was argued in [18] that these boundary conditions automatically pick the normalizable modes in the UV, and (together with the IR boundary condition) lead to physically sensible results. It is not obvious that this is true in general. Therefore, before we proceed to the more complicated study of the spectrum as a function of f 0 , we would like to first see whether the boundary conditions Eq. (14) lead to the same spectrum as computed in [36] for the case f 0 = 0, i.e. the Klebanov-Strassler background.
We specify the boundary conditions Eq. (14) at ρ = ρ IR in the IR and at ρ = ρ UV in the UV. We can think of this as introducing IR and UV regulators, which are eventually to be dispensed with by taking the appropriate limits. In other words, we want to make sure that the spectrum converges as ρ IR approaches the end of space at ρ = 0 while ρ UV approaches infinity. Figure 2 and Figure 3 show the dependence of the spectrum as a function of ρ IR and ρ UV . For sufficiently small ρ IR and large ρ UV , the spectrum becomes the same as that reported in [36] . Notice that, as already pointed out in [36] , certain states are degenerate (the 13th and 14th states, as well as the 16th and 17th states), and that this is easy to discern in the plots as different states approaching each other asymptotically.
B. Deformations of Klebanov-Strassler
We now turn to the study of the deformations of Klebanov-Strassler by the dim-6 VEV, in other words non-zero values of f 0 = e 4ρ * . Again, we need to make sure that the spectrum converges in the limit ρ IR → 0 and ρ UV → ∞. The difference is that there is now a curvature singularity in the IR, which could potentially ruin the convergence of the spectrum in this limit. Fortunately, this is not the case, as shown in Appendix B, where we carry out a study of the dependence of the spectrum as a function of the IR and UV cutoffs.
More interestingly, Figure 4 shows the dependence of the spectrum on ρ * . As can be seen, for large negative ρ * the spectrum approaches that of Klebanov-Strassler, while for large positive ρ * , in addition to various towers, there is a light state whose mass is suppressed by ρ * . In particular, as Figure 5 shows, for large ρ * the mass of this light state falls off with ρ * according to a power law.
Finally, we would like to make a comment about fine-tuning. For special choices of the boundary conditions for the fluctuations, it is in fact possible to make a light scalar appear in any theory described by the sigma-model action given in Eq. (1), as pointed out in [31] . More recently in [37] , a strongly coupled confining field theory was studied and the parameter λ of Eq. (11) was varied in order to determine the amount of fine-tuning necessary obtain a light state, something that turned out to be possible only for a very narrow range of λ. The choice λ → ±∞ adopted in this paper is in a sense the most conservative one [31] : if a light state is present, it is due to the dynamics of the strongly coupled field theory rather than due to fine-tuning of the boundary conditions, and as such it is a robust result.
VI. CONCLUSIONS
We first studied the scalar glueball spectrum of Klebanov-Strassler, and found agreement with the previous study carried out in [36] . While the boundary conditions used in [36] were obtained by studying the IR and UV asymptotics of the fluctuations in the bulk, and imposing regularity and normalizability, respectively, we simply imposed Dirichlet boundary conditions for the scalar fluctuations ϕ a | IR = ϕ a | UV = 0. This choice leads to boundary conditions for the gauge invariant fluctuations a a given in Eq. (14), and has the advantage that it can easily be implemented without analyzing the IR and UV asymptotics of the fluctuations. The near perfect agreement with the previous study [36] suggests that our prescription automatically enforces regularity and normalizability.
The main result of this paper concerns backgrounds which are deformations of Klebanov-Strassler by a dim-6 VEV. The size of this VEV determines the length of a region over which the metric exhibits hyperscaling violation with exponent θ = 4. We found that the spectrum of scalar glueballs contains a light state, whose mass is suppressed by the size of the dim-6 VEV. This is analogous to what was found for the walking backgrounds of [17, 18] which are deformations of the Maldacena-Nunez background by the same dim-6 VEV. Although it is tempting to interpret the light scalar as being a dilaton, it is presently unclear whether this is actually the case. In order to clarify this issue, one would have to determine precisely which fluctuation in the bulk corresponds to the light state, something which is not immediately clear from the numerical methods used in this paper.
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The baryonic branch of Klebanov-Strassler is obtained by turning on a dim-2 VEV. One can view the solutions of Klebanov-Strassler and Maldacena-Nunez as the opposite ends of this baryonic branch. Hence, together with the previous studies of [17, 18] , the present study shows that at both these extreme ends, turning on the aforementioned dim-6 VEV gives rise to a light scalar being present in the spectrum. This suggests that such a state should also exist all along the baryonic branch of Klebanov-Strassler if the dim-6 VEV is turned on as in the solutions of [19] . It would be interesting to see whether this is the case. 
